Steady three-dimensional thermocapillary flows and dryout inside a V-shaped wedge
I. INTRODUCTION
When a liquid jet impacts a horizontal disc, fluid spreads out radially into a very thin layer until a sudden increase in the fluid depth occurs. As shown in Fig. 1 , this sudden increase in film depth forms a circular hydraulic jump. The flow before and after the jump is characterized by having high and low velocities, respectively. The thin film area upstream from the jump is referred to as inner (pre-jump) region, and its size is characterized by its radius, R j , referred to as jump radius. The area downstream from the jump is referred to as outer (post-jump) region. A daily example of a circular hydraulic jump can be observed in kitchen sinks where tap water flow strikes the sink.
Hydraulic jump affects many applications such as jet impingement cooling. [1] [2] [3] In the inner region, high fluid velocity causes high heat transfer coefficients and a relatively uniform temperature distribution. Hydraulic jump results in low velocity in the outer region, which causes drastic drop of thermal performance. It explains the importance of hydraulic jump location for many cooling applications using jet impingement. Due to this significant role, prediction of hydraulic jump radius has been the subject of many studies for the past few decades.
An inviscid theory for circular hydraulic jump was reported by Birkhoff and Zarantonello. 4 Watson 5 analytically solved the circular hydraulic jump problem of viscous fluid. In the inner region, the velocity boundary layer develops when flowing radially and eventually encompasses the entire film depth if the hydraulic jump is located further downstream. The radial location denoted by R c where the boundary layer reaches the free surface is considered as a separation point. Karman-Pohlhausen method was used for the flow before the separation point (r < R c ), and an approximated similarity method was used for the flow after the separation point (r > R c ). Based on force balance, a solution was obtained to show the relation of the jump location with the jet flow and outer film depth. One main assumption in Watson's theory is the unidirectional flow right after the jump. A number of previous studies 1, 2, [6] [7] [8] [9] have reported the boundary layer separation at the jump location, which results in a recirculating flow downstream from the jump. Although the flow structure inside the jump is complex and varies significantly with flow conditions, the mass conservation and momentum balance across the jump must still apply. 7 The influence of surface tension on the circular hydraulic jump was considered in a few recent studies. 7, 8, [10] [11] [12] [13] Bush and Aristoff 12 included surface tension in Watson's theory and presented a revised expression for the jump radius. The outer film depth plays an important role in determining the size of hydraulic jump. Increasing or decreasing the depth of the outer film results in smaller or larger hydraulic jump. In the theories of Watson 5 and Bush and Aristoff, 12 the outer film depth was considered as a known parameter. Experimentally, the outer film was usually controlled by putting a weir downstream from the hydraulic jump. 1, 7, 8, 14, 15 Another group of studies explored circular hydraulic jumps on discs with free edge (no barrier at the edge), for which the outer film flow is allowed to fall freely at the edge. Using simplified equations of the shallow-water type with viscosity included, Bohr et al. 16 provided a scaling relation for the jump radius. By connecting the inner flow and outer flow through a shock, the scaling relation shows R j ∝ Q 5/8 , where Q is the jet flow rate. The scaling law was shown to agree with previous and recent experimental data. 6, 17, 18 Higuera 19 numerically studied the hydraulic jump of viscous laminar flow using the boundary layer approximation for the flow around the jump. The position and structure of the jump were determined numerically by imposing a boundary condition at the edge of the disc where the liquid turns around and falls under the action of gravity. Further developments on these theories can be found in a few later studies. [20] [21] [22] Kasimov 23 proposed another shallow-water model by including a disc-slope function into the simplified radial momentum equation. Mathematically describing the bottom topography of the flow, the function allows the model to have a smooth connection between the post-jump flow and the flow over the disc edge. With careful treatment of the edge condition, the model improves on previous work. 16 Rojas et al. 24 introduced inertial lubrication theory, in which the circular hydraulic jump is a singularity line connecting the inertia dominated in the inner region with the lubrication dominated in the outer region. Based on the inertial lubrication theory, Rojas et al. 25 presented a corrected scaling law for the jump radius, which depends on outer film depth, density, and surface tension.
Very recently, Duchesne et al. 26 experimentally observed that the outer Froude number based on measured outer film depth is locked on a constant value of 0.38. Applying a simple lubrication model to the outer film, the outer depth is extrapolated, based on which the Froude number has a constant value of 0.33. Both values are independent of flow rate, viscosity, and surface tension. With the constant outer Froude number, the lubrication model resulted in a simple law ruling the jump radius R j ln R s /R j 3/8 ∝ Q 5/8 , where R s is the radius of the circular disc. In real life, jet impingement usually occurs on flat surfaces with finite sizes. Without any weirs, finite surfaces with free edge can still hold fluid as a thick film. Such an example is shown in Fig. 2(a) . The outer film is pinned at the edge of the circular disc, and the fluid flows off only from one spot. The phenomenon is commonly observed for low flow rates, and/or large discs, and/or fluids with high surface tension. It was also observed by other researchers using a working fluid with a surface tension close to that of water. For example, Duchesne et al. 26 and Craik et al.
7
reported de-wetting occurring at the edge of the target disc, with liquid flowing off at individual points on the disc perimeter. The stable liquid rim at the disc edge forms a capillary limit for the outer film flow. The hydraulic jump with the edge condition of capillary limit has received very little attention from previous studies, which mostly dealt with the circular jump with uniform edge flow. The present work focuses on hydraulic jumps formed by the impingement of round jets on flat circular discs with the edge condition of capillary limit. Tests were conducted with varied flow rates, surface sizes, and different fluid properties. Theoretical force analysis was carried out to relate the jump radius to jet flow, surface size, and contact angle at the disc edge. Similar to the classic hydraulic jump theory for rectangular channel flows, the circular hydraulic jump was also discussed based on the Froude number. The discussion focuses on the effect of surface tension, the coupling of the inner and outer Froude numbers, and the effect of gradual jump in comparison with the assumption of steep jump.
II. EXPERIMENTAL STUDY

A. Experimental methodology
A series of experimental tests of round liquid jets impinging on circular discs have been conducted. As schematically shown by Fig. 2(b) , a vertical liquid jet with radius a and flow rate Q impacts a circular disc with radius R s . The spreading of the jet consists of a circular thin area surrounded by a thick film. The thick film maintains a stable rim around the edge of the circular disc except one spot where the fluid flows off the disc. The hydraulic jump appears at a radial location, r = R j , where the film depth changes from h to H.
The one-spot edge flow at the disc edge as shown in Fig. 2(a) was controlled by attaching a small piece of absorbent paper to the disc edge and flush with the top surface of the disc. The same method was used by Craik et al. 7 for achieving uniform edge flow, for which absorbent paper was attached all around the disc edge. During our experiments, the flow rate was changed with care so that the outer liquid film always had a stable rim with one-spot edge flow. Despite the one-spot edge flow, it was observed that all the hydraulic jumps remain circular. For each disc, the maximum tested flow rate is when the one-spot edge flow was about to disappear. If the flow rate was further increased, the fluid would flow off at multiple spots and then all over the disc edge. Two working fluids were tested. One is distilled water, the properties of which are density ρ = 1000 kg/m 3 ; surface tension σ = 0.072 N/m; and viscosity µ = 0.95 × 10 −3 Pa s. The other tested fluid is a water-surfactant solution, which was made by adding Pluronic L92 (BASF Corporation) into distilled water with a concentration of 2.5 g/l. The surface tension of the new fluid was measured to be 0.037 N/m. Negligible influence was assumed to be on density and viscosity, which were considered to be the same as those of water. Uniform surface tension is considered for the entire flow surface of the water-surfactant solution. This is true as the rate of area creation of the flow (∼Q/H ∼ 10 −4 m 2 /s), is orders of magnitude higher than the mass diffusion of the surfactant in water (estimated ∼10 −9 m 2 /s). The jet nozzle was made of stainless steel tube with inner radius a = 0.375 mm and has a length to radius ratio equal to 68. To generate smooth and stable jets, a pressurized water tank with a constant, steady, and high pressure was employed. During the tests, the flow rate Q was changed from 1.67 to 5 cm 3 /s for the surfactant fluid, and 2.50-8.33 cm 3 /s for the water fluid. To maintain the stable rim and one-spot edge flow, the maximum flow rates tested for different disc sizes were different. The flow rate was measured with a flow meter (OMEGA FLR1010ST) with an accuracy of 1%. Circular aluminum discs with eight varied radii R s ranging from 20 to 50 mm (R s /a ranges from 53 to 133) were tested. The nozzle to surface spacing was 10a and remained fixed for all the experiments.
Each of the two working fluids was tested with varied flow rates and disc sizes. For each test, top-view and side-view images and a side view image were taken. The top view images were used for measuring the jump radius, which is the distance from the center to where the jump starts. The side view images were for measuring the outer liquid film depth H, which was measured where the outer film is the thickest. In other words, the maximum height of the outer film was taken to be the depth H, and the location of the maximum depth depends on the shape of the outer film. Additionally, the images were used to measure the contact angle β s as shown in Fig. 2(b) . For each test, five top view images and five side-view images were taken, and the average values have been used for the analysis. A height gauge was also used to measure the free liquid surface around the hydraulic jump.
B. Experimental results
For jet impingement on a surface, Froude number can be used to compare the flow inertia to gravitation. If we assume a steep jump, for which at r = R j the film depth abruptly changes from h to H, two Froude numbers can be defined as
Here, Fr i is the inner Froude number based on the inner film depth, while Fr o is the outer Froude number based on the outer film depth. The assumption here is uniform velocity profile across the depth. This assumption is suitable for the outer film, as the inertial force is insignificant as compared to the hydrostatic force. However, the velocity profile is important for the inner region, where the inertial force is dominant. A correction factor λ is used to take into account the non-uniformity of velocity profile in the thin inner film and will be derived later on. For Eq. (1b), it should be pointed out that in our experimental tests the maximum depth of outer film was taken as H, which appears at locations r > R j . The experimentally measured data of R j and H are plotted in Fig. 3 . The y-axis is the inner Froude number for the impingement of inviscid jets, which has the inner film depth h equal to a 26 The major reason is related to the edge flow condition as the previous study mainly focuses on hydraulic jumps formed with uniform edge flow around the disc.
The data points in Fig. 3 appear in clusters. Each cluster is for a specific flow rate, and each data point in the cluster represents a specific disc size. To show the effect of disc size, linear fitting is carried to the data points of each disc with water as working fluid, and the linear slope (Fr o ) is presented versus the disc radius in the inset of Fig. 3 . Although not very clear, the outer Froude number seems to decrease with increasing the disc size. However, the change is in a quite narrow range from ∼0.098 to ∼0.103.
From the experiments, it was observed that the outer depth H formed on a disc shows negligible dependence on the flow rate Q. As an example, Fig. 4(a) shows the hydraulic jump formed on the disc with R s = 20 mm. The outer depth, H ∼ 3.92 ± 0.07 mm, remains almost constant with varied flow rates. If both Fr o and H are constant, according to Eq. (1b) the jump radius R j should change linearly with the flow rate Q. This linear trend is visible from Fig. 4 (a), which shows R j linearly increasing with Q. Figure 4 (b) shows R j versus Q for the two groups of tests. Each group shows a linear trend of R j increasing with Q. To compare with the previous scaling law, 16 a relation R j ∝ Q 5/8 is plotted by matching with the data point of the smallest R j . Clearly, the present work with the edge condition of stable rim does not agree with the scaling law, which was derived for the circular hydraulic jump with uniform edge flow.
The results presented above show constant outer Froude numbers. The following discussion focuses on the inner Froude number. Watson 5 determined a critical radial location where the inner film depth is completely encompassed by velocity boundary layer, which is given by (R c /a) = 0.366Re 1/3 . Here, Re = 2Q/πaυ is the Reynolds number of the jet. This radial location is also plotted in Fig. 4 (b), which shows R j > R c for all the tests. Thus, the depth h in Eq. (1a) is given by To calculate Fr i using Eq. (1a), the correction factor λ needs to be determined. In addition to Eq. (1a), the inner Froude number can also be defined as
Here, z is the vertical location relative to the disc surface (solid-fluid interface), and u is the velocity profile at r = R j . Introducing a similarity function f such that u = f u z=h for R j > R c and applying
udz, Eq. (3) can be rewritten as
The non-dimensional location δ = z/h = 0 is the solid-fluid interface, and δ = 1 is the free-surface of the inner film. Watson 5 provided a solution of the similarity function, which is cδ =  f 0 1 − x 3 −0.5 dx with c = 1.402 and boundary conditions of f (1) = 1 and
It should be noted that for classic hydraulic jump in large open channels λ ∼ 1 as the pre-jump fluid depth is much larger than the boundary layer thickness. For all the tests conducted, the inner Froude number is calculated using Eqs. (1a) and (2). Figure 5 shows the results of Fr i versus Q. Obviously, for both fluids, the inner Froude number changes with the flow rate. This trend is different from that of the outer Froude number Fr o , which remains constant with varied flow rates (see Fig. 3 ).
III. FORCE ANALYSIS
From the present experimental tests, it is observed that when the flow rate is low the outer film forms a stable rim around the circular disc. Fluid flows off the disc only from one point at the edge (see Fig. 2(a) ). As the flow rate increases, the jump radius grows toward the edge of the disc, and fluid flows off at multiple edge spots and eventually all over the edge. In the present study, the focus is on the jet impingement with stable film rim. Since fluid flows off only from one point of the disc edge, flow momentum in radial direction at the disc edge is zero. Flow on the disc is assumed to be axisymmetric for the following three reasons. First, the hydraulic jumps in the present work were all observed circular despite the one-spot edge flow. Second, the azimuthal flow can be neglected. Due to the stable film rim, the radial flow needs to turn into an azimuthal flow when getting close to the film rim. This azimuthal flow is not uniform across the disc as the flow eventually converges to the on-spot flow off the edge. However, the azimuthal flow is weak and negligible. This can be justified by evaluating a local Froude number close to the disc edge, which can be calculated by replacing R j in Eq. (1b) with R s . This local Froude number must be even smaller than the outer Froude numbers that have been shown in Fig. 3 . Third, neglecting the azimuthal flow can also be justified from the observation of the contact angle at the disc edge, which shows relatively constant contact angles around the disc edge. The measurement of contact angle will be discussed in Section III F. The 1st control volume is chosen, which is a small section ∆θ with r ranging from the jump location R j to the edge of the disc R s . A 3-D schematic of the control volume is shown in Fig. 6(a) . For easy presentation, the free liquid surface is not shown as a smooth curved surface but instead is composed of three facets (2a, 2b, 2c). The angle α is used to indicate the azimuth angle within the control volume, which ranges from −∆θ/2 to ∆θ/2 with center located at α = 0. There is radial flow input from the inner liquid film. Additionally, there is pressure due to surface tension on the free surface (2a, 2b, 2c), hydrostatic pressure symmetrically on facets 1a and 1b, and shear stress on the bottom of the control volume (facet 3) due to the interaction with the disc surface. Based on the foregoing discussion on the azimuthal flow, the azimuthal flows entering and exiting through the facets 1a and 1b are neglected.
In this study, the force balance in radial direction of the control volume will be analyzed. All the forces are projected to the center radial plane (α = 0) of the control volume (see Fig. 6(b) ), which is orthogonal to the free surface of the liquid film. The free surface is given by z = ξ (r), and z = 0 is the liquid-solid interface. Due to the pressures and stress mentioned above, there are surface tension force (F σ ), hydrostatic force (F g ), viscous friction force from the disc surface (F µ ), and force from the inner region (F). In Fig. 6(b) , for clearer comprehension, force vectors are shown in presumed directions, and they are positive when acting in the positive radial direction. Applying force balance to the control volume ( Fig. 6(b) ) gives
A. Surface tension force
An arbitrary segment of the central plane (see Fig. 6 (b)) is presented in Fig. 7 . Here,n is the unit vector of local surface normal,r is the unit radial vector, and dS is an element of the length of the free surface. To obtain the surface tension force shown in Fig. 6(b) , surface integral should be applied to the entire free surface of the control volume, and local force should be projected to the radial direction at α = 0. Hence, the surface tension force is given by
where K 1 and K 2 are two principal curvatures, and S is the length of the free surface from R j to R s . For a small angle ∆θ, 2 sin (∆θ/2) ∼ ∆θ, and this approximation is used throughout the present study. Applying the approximation, Eq. (7) reduces to
Detailed analysis of Eq. (8) is provided in Appendix A, which results in Eq. (A13). Eq. (A13) shows two components of F σ , which can be written as The two components are differentiated based on the geometry shown in Fig. 7(b) . There is a jump region (R j ≤ r ≤ R j,c ), where the free surface rises from h to H and has a length S j . There is a region close to the surface edge (R s,c ≤ r ≤ R s ), where the free surface descends from H to zero and has a length S s . There is another region in between (R j,c ≤ r ≤ R s,c ) where the film depth H remains relatively constant. It is possible that R j,c = R s,c . According to Eqs. (A13) and (9), the surface tension force at the jump is expressed by
Here, β j , the local slope angle of the film surface at r = Rj (see Fig. 7(b) ), has been taken to be zero, as the entire free surface from the inner region to the outer region must be differentiable. Simplification can be made by assuming a steep jump, i.e., (R j,c − R j ) → 0. As a result, S j → H(1 − h/H).
Since h/H ≪ 1, the approximation S j ∼ H can be used. Thus, Eq. (10) reduces to
which was also obtained by Bush and Aristoff. 12 According to Eq. (A13) and Eq. (9), the surface tension force at surface edge is expressed by
where ∆R s = (R s − R s,c ). If we assume uniform curvature K 1 for R s,c ≤ r ≤ R s (see Fig. 7) , ∆R s and S s can be determined using the geometric relations given by
Plugging Eq. (13) into Eq. (12) and substituting Eqs. (11) and (12) into Eq. (9), we have
B. Hydrostatic force
There is hydrostatic pressure on the side surfaces of the defined control volume (facets 1a and 1b in Fig. 6(a) ). The angle between inward-pointing surface normal and radial vectorr(α = 0) is (π/2 − ∆θ/2). Hence, the resulted force projected to the center radial direction can be determined by
For the jet impingement with relatively low flow rates on relatively large discs, a major portion of the outer liquid film shows a relatively uniform depth H. For simplicity, a uniform depth from R j to R s is assumed, i.e., ξ (r) ∼ H. Integrating from R j to R s results in
The error associated with this assumption could be significant for small discs, on which the shape of the outer film is curved rather than flat. This will be shown and discussed in Section IV C.
C. Viscous friction force
After the jump, fluid continuously flows on the disc. There is a viscous friction force on the bottom of the control volume (facet 3 in Fig. 6(a) ), which is related to the velocity gradient at the solid-fluid interface. If the outer film is sufficiently large as compared to the inner region, the complex flow around the jump location as a result of boundary layer separation can be assumed to already end at r = R j,c , which have been observed by previous studies. [19] [20] [21] 24 Therefore, we assume that the flow right after the jump is radially unidirectional, and the velocity is given by
The analysis of this flow is provided in Appendix B. The viscous friction force projected to the central radial direction of the control volume is
The discussion in Section IV A will show that the viscous friction force is much smaller than the other forces. Therefore, the error associated with the assumption of unidirectional flow is insignificant for the entire force analysis. All the forces required for Eq. (6) have been obtained. Steep hydraulic jump is assumed such that R j,c = R j . For simplicity, R s,c in Eq. (18) is replaced with R s . We plug Eqs. (14), (16) , and (18) into Eq. (6) and divide through by ∆θ. The force analysis of the control volume shown in Fig. 6 results in
Here, the unit of F ′ is force per radian. On the right hand side, the first, second, and third terms are related to the surface tension force, the hydrostatic force, and the viscous friction force, respectively.
D. Force from the pre-jump flow
For the defined control volume, the force F shown in Eq. (6) comes from the film flow in the inner region, which includes the rate of flow momentum and hydrostatic force. Projected to the central radial direction, the force from the inner film can be written as
For the present work, Fr i > 10 as shown by Fig. 5 . Hence, in Eq. (20) , the inertia term is dominant, and the hydrostatic force term can be neglected. Figure 4 (b) has shown that for all the tests the jump takes place after the boundary layer absorbs the entire film depth. Dropping the hydrostatic term and applying Watson's 5 solution of film velocity for R j > R c , from Eq. (20) we obtain
Eqs. (19) and (21) provide the force-momentum balance relation for the control volume shown in Fig. 6 . In Eq. (19), the surface tension term depends on the contact angle β s . This contact angle could be related to the fluid surface tension, the wettability of the disc, and the local shape and structure of the disc edge, the disc size, and the flow rate. Ideally, if these relations were known, β s could be determined separately by another correlation equation. In the present study, β s is an input from the experimental observation. As a result, there are two unknown parameters, R j and H, in the present force-momentum balance relation, and another relation is needed. 
E. Analysis of the 2nd control volume
To obtain another relation between R j and H, a portion of the previous control volume (see Fig. 7(b) ), R j to R j,c , is chosen as the 2nd control volume. The projection of the control volume to its central radial direction is shown in Fig. 8 . The force-momentum balance of the control volume requires
where F g, j represents the hydrostatic force, andṀ out is the rate of output flow momentum. Viscous friction force is neglected because the radial interval (R j,c − R j ) is considered to be small. The surface tension force (F σ, j ) has been given by Eq. (10) and in a simplified form by Eq. (11). We still follow the assumption that the velocity is unidirectional right after the jump, and the velocity is already given by Eq. (17) . The error associated with this assumption should be small for the entire force analysis, as the flow inertial force in the outer region is insignificant as compared to the hydrostatic force. Projected to the central radial direction of the control volume, the rate of output flow momentum on the post-jump side iṡ
The hydrostatic force for this control volume can be expressed by
The second term is the hydrostatic force on the sides of the 2nd control volume, which is similar to Eq. (15) for the 1st control volume. We substitute Eqs. (11), (23), and (24) into Eq. (22) . Assuming steep jump allows us to replace R j,c with R j . After dividing through by ∆θ, we got
The above analysis of the two control volumes results in a system of three equations: Eqs. (19), (21) , and (25), which contain three unknowns: F ′ , R j , and H.
F. Validation
To apply the force-momentum balance equations, the contact angle β s needs to be known. Using image processing software (ImageJ), the contact angle was measured from the five side view images taken at different azimuth positions away from the one-spot edge flow. Averages were taken with standard deviations generally within ±5
• , which is roughly the measurement uncertainty of the software. For each test, the measurement does not show any trend that relates the contact angle to the relative location from the one-spot edge flow. Therefore, the observation of the relatively constant contact angle around the disc edge indicates negligible effect of the non-uniform azimuthal flow. The data for the two fluids are presented in Fig. 9 . Overall, the two groups of tests show different ranges: β s < 90
• for the test using the water-surfactant solution and β s > 90
• for the tests using water. Figure 9 shows that β s does not remain constant as the flow condition and disc size change. For example, for a specific flow rate of water, by changing the disc size the contact angle varies within almost 20
• . However, the measurements do not show clear trends of changing with the flow rate and disc size. In addition to the flow rate and disc size, the contact angle could also be affected by contact angle hysteresis and the inconsistency of surface edge condition. It should be noted that as an input parameter to the theoretical model, β s carries the geometric information of the edge rim (see Eq. (13)) rather than the local wetting at the disc edge. This is true as the model does not include any wetting equilibrium relation such as the Young's equation. In other words, β s does not have to be an equilibrium wetting angle. Therefore, the measurement deviation of ±5
• is the only major uncertainty associated with β s that affects the accuracy of the theoretical model. Two methods are used to validate the theoretical model [Eqs. (19) , (21), and (25)]. The method checks the agreement of the three equations using the experimental data. The equations are plotted in Fig. 10 , where the force F ′ normalized by 0.5ρQ Eq. (21) is plotted as continuous line, which shows the force calculated based on the flow analysis of the inner liquid film. Second, the experimental conditions (Q, R s , and a) and experimental data (R j , β s , and H) are plugged into Eqs. (19) and (25), which are plotted as scatter data points. The calculation using Eq. (19) provides the force based on the force analysis of the 1st control volume from the jump to the disc edge, while Eq. (25) provides the force based on the force analysis at the jump location. A better agreement between Eqs. (25) and (21) is visible. The deviation of Eq. (19) from Eq. (21) could be due to the uncertainties associated with the contact angle measurement, the assumption of flat outer film, and the assumption of uniform curvature at the edge. The second method is solving the three equations for R j using the measured β s . Presented in a normalized form R j /R s , the theoretical prediction is plotted versus the experimental data in the inset of Fig. 10 , which shows fairly good agreement. , which indicates R j > R c . This is due to the force limitation of the stable rim at the surface edge. For a hydraulic jump to appear where R j < R c , the normalized force from the outer film must be higher than ∼0.8 as shown in Fig. 10 .
IV. DISCUSSION
Section II B has shown that, when the flow rate changes, the outer Froude number remains constant, whereas the inner Froude number changes. This indicates the difference from the conventional theory of the classic hydraulic jump for rectangular channel flows, for which the inner and outer Froude numbers must change together to maintain force balance. The discussion in this section will focus on the Froude number-based relation between the inner and outer flows. The effect of surface tension, the coupling between inner and outer Froude numbers, and the jump surface shape will be analyzed.
The force-momentum balance equations derived above can be expressed in terms of Froude numbers, which have been defined by Eq. (1). Divided through by ρ
where
Other non-dimensional parameters are defined as
Similarly, Eq. (25) can be non-dimensionalized into
For the inner region, we choose Eq. (20) 
Eqs. (26)- (28) can be referred to as non-dimensional force or momentum functions. The force balance or conservation of momentum requires f j−s = f o = f i . The following discussion will focus on the relation between f o and f i . 
A. Effect of surface tension
It has been observed that the outer Froude number is constant while the inner Froude number is not. From Eqs. (27) and (28), the surface tension force must play an important role in maintaining the force balance. To evaluate the significance of surface tension, Bo −1 is calculated for all the tests and plotted in o . Generally, the surface tension force is larger than the inertia force but less than the hydrostatic force, i.e., Fr 2 o < Bo −1 < 0.5. The surface tension force is more significant for the low flow rates but less for the high flow rates. This is due to the increase of the jump radius with increasing the flow rate. The tests using water show more significance of surface tension than the tests using the water-surfactant solution. The trend of Bo −1 changing with the flow rate shown in Fig. 11 is similar to the trend of Fr i shown in Fig. 5 .
The significance of surface tension can also be evaluated from Eq. (26) . For the entire outer film bounded by a stable rim, surface tension is the major force balancing hydrostatic and inertia forces. Conceivably, the viscous friction term is small as Fr 
B. Critical Froude numbers
Hydraulic jump is a transition from super-critical flow (high Froude number) to sub-critical flow (low Froude number). For each flow, plotting its non-dimensional momentum function, f o or f i , versus Froude number would show a minimum point, which is the critical point where minimum momentum/energy exists. Since Eqs. (27) and (28) show different expressions for the inner and outer films, they might have different critical points, which can be obtained by
where Fr c represents the critical Froude number. Partial derivative is used due to the presence of Bo −1 as another variable in Eq. (27) . From Eq. (29), the inner and outer critical Froude numbers can be expressed by In Fig. 12(a) , Eq. (27) To continue the discussion on Froude numbers, here we introduce a few expressions of f o and f i for some particular Froude numbers. Substituting Eq. (30) back into Eqs. (27) and (28) gives the minima of f o and f i , which are
We also obtain f o for Fr o = Fr i,c by plugging Eq. (30b) into Eq. (27) , and f i for Fr i = Fr o,c by plugging Eq. (30a) into Eq. (28), which result in
Eqs. (31) and (32) will be used in the following discussion.
The coupling between the inner and outer Froude numbers close to the critical points is shown in Fig. 12(b) . The following discussion focuses on the coupled ranges of the two Froude numbers, i.e., Table I .
Represented by the f o Bo −1 = 0 and f i (λ = 1) curves in Fig. 12(b) , the first scenario is Fig. 12(b) ). This is the classic hydraulic jump with λ = 1 and Bo −1 = 0. Under this condition, Fr o,max = Fr i,min = 1, and f o,min = f i,min = 1.5. 
Fr o,max < 1 Eqs. (27) and (31b) Represented by the f o Bo −1 = 0.2 and f i (λ = 1.12) curves in Fig. 12(b) , the second scenario is f i,min > f o, * , which requires 0 < Bo −1 < 1.5 λ 4/3 − 1 . Clearly, Fr o,max < 1 and Fr i,min = 1 (see points B o and B i in Fig. 12(b) ). The Froude number Fr o,max can be determined by equating Eq. (27) to Eq. (31b).
Represented by the f o Bo −1 = 0.3 and f i (λ = 1.12) curves in Fig. 12(b) , the third scenario features f i,min < f o, * and f o,min < f i, * , which require 1.5 λ 4/3 − 1 < Bo −1 < 1.5 λ 4/3 − 1 / 3 − 2λ 4/3 . The two curves intersect at a point where Fr > 1 (see point C in Fig. 12(b) ). Hence, Fr o,max = Fr i,min > 1, and the Froude number can be obtained by equating Eq. (27) Fig. 12(b) ). The Froude number Fr i,min can be obtained by equating Eq. (28) to Eq. (31a). In summary, depending on Bo −1 and λ, the outer (post-jump) Froude number could be larger or smaller than unity, while the inner (pre-jump) Froude number must be larger than 1.
C. Gradual jump
For the simplicity of theoretical discussion above, steep jump has been assumed. The maximum depth of the outer film, H, was assumed as the local film depth at r = R j . However, in reality the film surface "jumps" gradually rather than steeply. Experimental and numerical observations of gradual jump have been reported in a few previous studies. [7] [8] [9] 19, 20 In this section, our experimental observation of the gradual jump will be discussed to evaluate the effect of the steep jump assumed in our theory.
As shown in Fig. 13 , a height gauge was used to measure the local height of free film surface at varied radial locations downstream from the hydraulic jump r = R j . The jet impingement produces a relatively flat outer film on the large disc, and a curved film on the small disc. The data are plotted in Fig. 13(c) , which shows gradual increase of film depth around the jump locations. As schematically shown by the inset of Fig. 13(c) , the jump occurs within a radial range from R j to R j,c = R j + ∆R j . For both cases, the radial distance ∆R j is close to H and comparable to R j .
To analyze the gradual jump, we rewrite the force equation for the 2nd control volume schematically shown in Fig. 8 . Neglecting the viscous force from the disc surface, from Eqs. (10), (23) , and (24), the force per unit radian can be written as
Here, F ′ ∆ denotes the force for the gradual jump. To continue the analysis of Eq. (33), the surface shape of the gradual jump is needed. The height gauge measurement shows ∆R j ∼ H, which can also be observed from previous studies. 7, 9, 20, 22 Hence, as an approximation, quarter circle fitting is applied to the data points in the jump region. Fairly good fitting is visible for both cases as shown in Fig. 13(c) . The radius of the circle is ∆R j , and The height of free surface measured using a height gauge (the gauge needle is visible in the two images). Quarter circle fitting is applied to the free surface at the jump location. The inset schematic shows a quarter circle jump shape.
Applying these conditions and dividing Eq. (33) through by ρ
, we have
where ∆R j /R j has been replaced with H/R j . Here, f o,∆ is for the outer region of the gradual jump as opposed to f o for the steep jump. The effect of the gradual jump can be evaluated by comparing the difference between Eq. (34) and Eq. (27) , which is
For obtaining Eq. (35), the approximation 1 + H/R j −1 ∼ 1 − H/R j for H/R j < 1 has been used for Eq. (34). In Eq. (35), the first term in the brackets is the increase of hydrostatic force, the second term is the decrease of the inertia force, and the third term is the decrease of the surface tension force. The gradual jump could increase ( f o,∆ > f o ) or decrease ( f o,∆ < f o ) the total force depending on Fr o , H/R j , and Bo −1 . For the two cases in Fig. 13 ,
However, for the 2% reduction of total force, there is a 13% increase of the hydrostatic force, a 1% reduction in the inertia force, and a 14% reduction of the surface tension force. The individual effects on the hydrostatic and surface tension forces are not negligible. However, due to the counterbalance of the individual effects, the overall effect of gradual jump is small. Therefore, the steep jump is a reasonable assumption in our theory.
V. CONCLUDING REMARKS
We studied the circular hydraulic jump formed by a liquid jet impinging on small circular discs with free edge, where the outer film is bounded by a stable rim. Jet impingement with capillary limit is commonly observed for low flow rates. Surface tension plays a major role for the outer film from the jump to the disc edge. The outer Froude number is independent of the flow rate but depends on surface tension, while the inner Froude number changes with the flow rate. The constant Froude numbers are different from the constant Froude number reported by previous work, for which there was uniform falling flow all over the disc edge. The jump radius was observed to increase linearly with the flow rate, which is different from the scaling law for the free falling edge flow. Detailed force analysis was conducted for the entire outer film and at the jump location.
The critical values of the inner and outer Froude numbers and their coupled ranges for the inner and outer films depend on velocity profile and surface tension and are different from the classic hydraulic jump in rectangular open channels. Steep jump has been the major assumption for the theoretical analysis. Based on the experimentally measured jump profiles, the gradual jump was found to reduce the surface tension force and increase the hydrostatic force. However, the overall effect is small, and steep jump is a reasonable assumption in our theory.
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APPENDIX A: DERIVING THE SURFACE TENSION FORCE
To obtain the surface tension force F σ (see Fig. 6(b) ), geometric details of the free surface have been shown in Fig. 7 . The expression of the surface tension force will be derived here based on Eq. (8), which is
To determine the surface normaln, we define the free surface as
which comes from the curve line z = ξ (r). The gradient of the curve in Cartesian coordinates is
The unit vector of the surface normal then can be expressed aŝ
where ξ ′ = dξ/dr. Hence,n
The first principal curvature can be obtained by taking the divergence of the surface normal in the Cartesian coordinates system, which is
For the other curvature K 2 that is orthogonal to K 1 , the radius is r/ cos γ, and cos γ = −n ·r (see Fig. 7(a) ). Thus,
where Eq. (A5) has been used. Substituting Eqs. (A5)-(A7) into Eq. (A1) results in
The total curvature can also be obtained by simply replacing the Cartesian divergence in Eq. (A6) with the cylindrical divergence. Replacing ξ ′2 in the numerators with ( 1 + ξ ′ 2 − 1 ) , we change Eq. (A8) to
which can be re-organized as
The differential length dS can be expressed as dS =  (dr) 2 + (dξ) 2 . We define r ′ = dr/dξ. As shown by Fig. 7(b) , the outer film shape can be divided into three sections, which, depending on how ξ changes with r, can be expressed by 
where ξ ′ = 0 for R j,c ≤ r ≤ R s,c has been used. Based on Fig. 7(b) , the boundary conditions required for continuing Eq. (A11) are r ′ r = R j = cot β j , r ′ r = R j,c = +∞, r ′ (r = R s,c ) = −∞, r ′ (r = R s ) = − cot β s .
Here β j is the slope angle at r = R j , and β s is the contact angle at the disc edge. Applying the above conditions to Eq. (A11), and then substituting Eq. (A11) into Eq. (A9), we get
If there is no jump, S = R s − R j , and β j = β s = 0. As a result, the surface tension force vanishes. If we consider S = S j + R s,c − R j,c + S s as shown by Fig. 7(b) , Eq. (A12) can be re-organized as F σ = −σ S j − R j,c − R j cos β j + S s − (R s cos β s − R s,c ) ∆θ.
Eq. (A13) shows two components, one is the surface tension force at the jump, and the other component is the surface tension force at the disc edge.
APPENDIX B: DERIVING THE VISCOUS FORCE
The analysis here focuses on the viscous force imposed by the disc on the outer film flow. At the end, Eq. (18) will be derived. To be consistent with the assumption of axisymmetric flow for the control volume analysis, here the flow in the post-jump region is assumed to be in radial direction
